Introduction
The CIE color matching functions, which are the foundation of computational color, are constructed and tabulated from experimental data by using various interpolations and smoothing. This work shows how the exact form of the mathematical operations used to construct the tabulated values can produce a bias in the computation of tristimulus values when used with sampled data obtained from various measuring instruments. The practical limitations caused by the bias are discussed.
Ideal Sampling and Interpolation
To design or test color devices computer simulations are performed. The accuracy of the simulations in modeling analog devices depends upon correct sampling and processing of the sampled data. Unfortunately, color signals are not perfectly bandlimited. This means that any sampling will result in some error. The statistics of the error will depend upon the relationship between the sampling and reconstruction (interpolation) methods and the statistical characterization of the color signals.
The exact method used to construct the CIE color matching functions is not published. However: it is sufficient to demonstrate the effect of sampling and interpolation for a general case. The general sampling operation can be described by
rs(nj = L T,(t)S,(t)dt
(1) where m ( t ) represents the analog signal in the continuous domain and s, ( t ) represents an arbitrary sampling function or aperture. Classical sampling is described Let r be a signal defined in an N-dimensional space, O N , where vectors are defined as column vectors. The above sampling can be considered a subsampling of ON. The integral in the continuous case can be considered an inner product operator. The general sampling A reconstruction (interpolation) method is a mapping from a lower dimensional space defined by samples to a higher dimensional space. For example, using It is common to choose interpolation operators which can exactly interpolate themselves, which means that HHT = H. If H is symmetric as is usually the case, this implies that H is a projection operator.
However, the projection need not be orthogonal. The reconstruction is exact if r E OH = Os. In this case, P = HS(STS)-lST is the identity operator on C~H .
Errors can arise in several ways. One is that the sampling and interpolation are not matched, i.e.
OH # OLy. A second is that r is not completely con- 
is the identity operation on the proper subspace. The fact that most instruments produce data at equal wavelength intervals leads one to assume that the subspace of interest is the space defined by the subsampling operator, S K where the vectors of this matrix are defined by N I K vectors with one in the nK position:
The limitation of the range of most instruments to smaller domains than 360-830 nm can easily be represented with the above mathematics. The extrapolation problem can be addressed separately from the interpolation problem but the method is similar [l] .
The actual tristimulus values are obtained by taking the inner products in the original vector space t = ATr 
where KTr = E{rrT}. Note that Hi is an N x N matrix but has fewer than 2 N degrees of freedom since it is Toeplitz.
Since the ideal color matching functions are used in this formulation, any interpolation that reproduces r will be optimal. This in turn would require that r be contained in the subspace defined by H( and S K . At this stage, it can be seen that the optimal solution is a combination of sampling function, the CIE interpolation function and the statistical characterization of the ensemble. The effect of the sampling choice and interpolation functions depends on the K,,. For our cases, it will be assumed that the reflectance signals will be nearly bandlrnited as was illustrated in [3] .
The color matching functions of A will have the same property.
The matrix HZH is an interpolation of the CIE interpolating functions. As was done previously, assume that the interpolating function is created so that it interpolates itself exactly (sinc functions do this). Further assume that K7.7. = a'1. Then, it can be shown that H = Hc; is a solution. The implication is that for the case of maximum ignorance about the ensemble of reflectances (KT7. = u21), no interpolation method is better than that used for the tabulated data.
Results
To simulate the nearly bandlimited assumption of the color matching functions and the reflectances, random bandlimited signals were generated, then noise in the complement space was added at various power levels. The siniulation reflects what could be done in i~ practical test. The true CMFs are actually unknown. What is known is the tabulated CIE CMFs. The reflectances can be known exactly since they can be measured with high precision spectrophotometers.
Tliiis, a typical simulation as done in [l] used the tabulated CMFs and the measured reflectances to obtain the "standard" against which interpolation methods were compared. The results of [I] show that it is virtually impossible to produce a smaller tristimulus (XYZ or Lab) error than obtained with the CIE reconimended interpolation. This result is duplicated in the simulations.
The color matching functions are very smooth and should be well approximated by bandlimited functions. Thus, the most appropriate case is for the noise added to the random bandlimited signals to be small. On the other hand, the reflectances have a more varied degree of smoothness and are modeled by a higher noise power added to the bandlimited signal. Tliis modeling reflects the data presented in [4] and 131. The color matching functions and the reflectances were both generated using the mathematical form
where P d represents the projection operator onto the bandlimited space, P d , represents the projection operator onto the complement of the bandlimited space, vector v is the generated vector, and x is a normal, zero mean, unit variance random vector. The parameter ok determines the power of the signal outside the baridlimited space. The generated vectors were sampled and interpolated with either a windowed (Hanning) siric function, or the CIE recommended interpolator (Laplacian). The inner product of the interpolated color matching functions with the interpolated reflectance spectra were computed, and compared in terms of mean square error with either the ideal inner product or with other interpolation methods.
The results of the simulation are shown in Table 1 . The first two columns indicate the out of band portion ( g k ) used in generating the simulated signals where oa is for the color matching functions, and cr is for the reflectance spectra. Columns 3 and 4 compare the ideal inner product (that is using the non-interpolated functions) with the result of using the CIE and DSP (windowed sinc) interpolations of the reflectance samples respectively, when the CIE interpolated CMF is used to compute the tristimulus values. In all cases, the DSP interpolation is better. In practice, the noninterpolated CMFs are unavailable and the CIE provides interpolated CMFs. Columns 5 and 6 indicate the result when the ideal CMFs are replaced with the CIE interpolated functions. Column 5 uses the DSP interpolation for reflectance spectra and column 6 uses the CIE interpolation. Comparing 5 and 6 simulates results obtained by previously presented experiments. For this case, the CIE interpolation of the reflectance spectra is better than the DSP interpolation.
Conclusion
The results presented explain results in previous work testing interpolation methods. The fact that the classical DSP interpolation methods produce better estimates of the original reflectance vectors but poorer estimates of the tristimulus vectors is a result of the interpolation method used to produce the tabulated CIE CMFs. It is noted that the CIE CMFs provide a very good standard and allow communication of the color data. However, they should not be considered as giving the most accurate estimates of the tristimulus values which characterize a human observer. * * (I, 
